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Abstract

In [4], we have already studied the space of p-summable sequences i.e. (IP)
as an n-normed space by defining a new n-norm on it. In [5], we have resulted
that equivalent norms can be derived by non-equivalent n-norms. Inspired by the
problem raised in Gunawan and others paper [7], in this paper, we shall show
that sequentially equivalent n-norms need not be equivalent.
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1. Introduction

Gahler [8], initialy introduced the theory of 2-norm on a linear space while

that of n-norm can be found in [10] and has been studied in many papers such

s [1, 9, 3]. Research works on sequence spaces regarded as n-normed space can
be found in [1, 2, 4, 5, 6].

Definition 1.1. Let X be a vector space over K(=R or C) of dimension d >
n(n > 2). A non-negative real valued function ||.,...,.| defined on X™ satisfying
the four conditions:

(N1) ||ot, 22, - :1:”|| = 0 if and only if z!,22,--- 2™ are linearly dependent;
(N2) ||zt :L‘ ”|| is invariant under the permutation of x!, 22, --- 2™,
(N3) [la - 2t 37 St =lal et 2?2
(N4) ||I‘ +y,z v o ’an < Hxl’xQ"" vanJrH%xQ?"' 7'7;71”;
for all 2!, 22,--- 2",y € X and for all a € K, is called an n-norm on X, and
the pair (X, |[.,...,.||) is called an n-normed space.
Definition 1.2. A sequence (a;l)zo defined in n-normed space (X, ||.,...,.||) is
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said to be convergent at r € X if

|zt =z, 22" =0 as [ — o0
for every z!,--. 2"l € X.
Definition 1.3. Two n-norms ||-,---,-||; and ||-,- - - ,-||2 defined on a linear space

X are said to be equivalent or equivalent of type 1 (inshort E1)if 3 K3, Ky >
0 such that:

K - ”Il’x2)' o 7$n||1 < ||$17x27"‘ 71‘”"2 < Ky ”Il’x2>’ e 7$n||1

for all ', 22,---, 2™ € X. n-norms which are not equivalent are termed as non-
equivalent.

Definition 1.4. Two n-norms ||-,--- |1 and ||-,- - - ,-||2 defined on a linear space
X are said to be sequentially equivalent or Sequentially equivalent of type
1 (in short SE1) if convergence of a sequence in ||-,--- ,-||; implies convergence
in |- ,||2 and vice versa.

Definition 1.5. Let (X, ||-,---,-||) be an n-normed space and {e!,--- ,e"} is a
set of linearly independent vectors in X then both of the functions || - |4, and
I| - Hg define a norm on X (known as derived norm with respect to the set
{el,--- e"}) and they are equivalent, where

(1) flzl|l& = maz {2, e, ... et s {te, ... a1} C/{l, ...,n}}
1/q
@) el = (S syt e ent) 7 1< g < oa

It is obvious that if a sequence is convergent in an n-normed space then it
is convergent in its derived normed space also.

In this paper, we shall study the sequence space [P where

o0

P = {CE = (23)Zp : Z |z;|P < oo where z; € K, forall i= 0,1,2,...}.
i=0

As we know that (17, | - ||,) is a Banach space where ||z, = (3°:2, \xi|p)1/p while

(%] - loo) forms simply a normed space where ||z]|oc = SUPy<;<oo |Til-

In [4], for our convenience and need we have denoted the set of whole numbers
as N =1{0,1,2,...} , which is also considered as a sequence N = (0, 1,2, ...). Fur-
ther, we have denoted the sequence N = (0,1,2,...) in the form of n-consecutive
terms notation as

N=(0,1,2,...)=(nl,nl+1,....,nl+ (n—1))2,
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and expressed as
N = n0=0n-0+1=1,....n-0+(n—1)=n—1,
n-l=nn-141=n+1,...;n-1+4(n—-1)=2n-1,...)

~ frmmnd = frmnd o0
Let N = (mnk,mnk+1,...,mnk+(n_1))k_0 be a rearrangement of the se-
quence N. Then for any n vectors
[e.e]
t_ (.t .t t . _
T = (xnl7$nl+1v s 7xnl+(n—l)>l_0 er; t=12,....n
the n vectors
=t >
xz(mt: . o, T ) ;o t=1,2,...,n
Mpk” Mnk41 Mnpk+(n—1)/ =0
are called parallel rearrangements of ', z2,--- , 2™ respectively.
In [4], we have observed that <lp sl p> is an n-normed space where
=1 =2 =n =1 =2 =n
|t 22, an||, =sup{[Z ,Z",...,Z|:T,T,...,T are parallel
rearrangements of 2! 2% ... 2™ respectively} (1)
and
1/p
sboogl gL "y
Mnk Mnpk+1 Mpk4(n—1)
0 z2 2 e 2
T3 = Y] det | T Tk Tkt (n—1) .2
— . e
T T S
Mnk Mnk+4+1 Mnpk+(n—1)
Moreover using Minkowski’s inequality, we have
=1 =2 =n < | T ) Tn .
T, T < alllz™ - 2™ oo - 12 [loos
hence
s s ys .
et 22, 2|, < nlflz™ - |27 oo - - (127 [|oos (3)
where {my,m2...,m,} is any permutation of {1,2,...,n}.
In [1], Maléeski investigated that the function
1 1 1
xél x? . $§"
2t 22, 2"|oo := sup |det | Tt T2 tn (4)
i1yeensin ter  see wee  eas
n n 1
R
defines an n-norm on [*° , where i1,...,%, € N and
1,2 n 1 2 n
a5, 2%, 2 oo <l [l oo - 27 oo -+ - |27 oo
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But [? is a subspace of [*° therefore we can show that ||....,.||s forms an n-norm
on [? also.

2. Results

Obviously equivalent n-norms give equivalent derived norms with respect
to same linearly independent set. In [4, 5], we have already proved that the
two n-norms |[.,...,.|[, and ||...., [ defined on I” are non-equivalent. While
their derived norms with respect to the linearly independent set {el, ‘e ,e"} are
equivalent and equivalent to ||.||s, where ' = (6¢)%°,. For details see [5]. Here
we shall prove that these two n-norms give equivalent derived norms with respect
to many linearly independent sets.

In [7], it has been proved that equivalent n-norms become sequentially equiv-
alent. Here, our aim is to prove that sequentially equivalent n-norms need not be
equivalent.

Here we shall use the results of [4, 5] as following lemmas.

Lemma 2.1. For every z!,z2,--- , 2" € [P, we have

Hxlvxzv'” 7anOO S Hxl,a:Q,"- 7anp' (5)

Next, for every K > 0 there exists a positive integer N such that NP > K.
Defining 2! = (wﬁ)zo elP;t=1,2,...,n as follows:

- 1 ;if i=(t—1)(modn) and 0<:<(Nn-—1)
0 ; otherwise

then we get

HCEl,:E2, T 7anp = Nl/p > K

while

2

Hxl,x s T 7xn”00 =L

hence we have the following lemma.

Lemma 2.2. The two n-norms ||-,--- ,||oc and ||-,--- , || are non-equivalent.

p

Theorem 2.3. Let 2! 22,.-- 2" € [P are linearly independent such that the
number of non-zero terms of each sequence 2! < \ for all t = 1,2, --- ,n then for
all x € [P, we have

:d
d d
215 < llzll, < A lfl5
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—d
where ||z||%, = maz {||z, 2", ..., 2" | : {t1,. .., th—1} C {1,...,n}} and [zll, =

maz{Hx,ztl,...,ztn—al {t1, .. tpm1} C {1,...,n}}.

Proof. From lemma 2.1 it is clear that for all x € [P, we have
—d
d
[#]% < llzll,,-

Again since the number of non-zero terms of each sequence 2t < X therefore for
every rearrangement N = (Tnk, ki1, - - - aﬁnk—l—(n—l)):ozo of the sequence N at
most A terms of the series (2) may be non-zero. therefore in view of (2) and (4),

we have
[zll, <A [l2|5-

Hence, we have the theorem.

Corollary 2.4. In general, if z!, 22, --- | 2" € Cyg C IP are n linearly independent

vectors then the norms derived by the non-equivalent n-norms ||-,--- || and
| B -Hp with respect to linearly independent set {zl, 22, z"} are equivalent.
Where Cyy is the space of complex sequences having only finitely many nonzero
terms.

In [5], we have already proved that for z* = (6!)$°, we have

—d

lzll, = lzl% = llzlo  forall z e (6)
Theorem 2.5. If the sequence (wl)zo converges to = with respect ||-,--- ,||oo
then it converges to z with respect to [[-,--- ||, also.

Proof. Let the sequence (xl)loio converges to = with respect ||-,--- ,-||o then it
converges to z with respect to its derived norm hence in view of above equation
(6) it converges to x with respect |||/ also. Hence due to relation (3) it converges

to z with respect to [-,--- [, also.

In view of lemma 2.1, we have the following theorem.

Theorem 2.6. If the sequence (:Ul)?io converges to x with respect ||-,---,-[[,
then it converges to x with respect to ||, , || also.

Thus above results give the following theorem.

Theorem 2.7. Sequentially equivalent n-norms need not be equivalent.
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Proof. Combining the theorems 2.5 and 2.6,we see that the two n-norms [[-,- -+ -,

and ||-,- -+ ,||co defined on [P are sequentially equivalent but in view of lemma
2.2, we see that they are non-equivalent.

3. Conclusion

From above discussions, it is clear that equivalence of derived norms need
not imply the equivalence of respective n-norms. Moreover, non-equivalent n-
norms may derive equivalent norms with respect to many linearly independent
set. Further, it has been observed that sequentially equivalent n-norms need not
be equivalent n-norms.
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