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A Family of p—valent Analytic Functions with two Fixed Points
Involving a Calculus Operator

By
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Abstract

In this paper a family T)\(m, v, d, a, p, z0) of p—valent analytic functions with
two fixed points involving a calculus operator is considered. Necessary and suffi-
cient coefficient condition for functions belonging to this family is obtained. Using
this coefficient inequality, inclusion relation, growth theorem, extreme points, re-
sults on Hadamard product are obtained for functions belonging to this family.

1. Preliminaries

Let T(p) denotes a family of functions of the form

o0

F(2) = laplz? = lapeul 2275 (pe N ={1,2,3..}), (1)
k=1

which are analytic and p—valent in the open unit disk U = {z : z € C and |z| < 1}.
Denote T'(1) = T.

H. Silverman in 1976 [2] introduced and investigated subfamilies of star-
like and convex functions of order «, consisting of functions f(z) € T with the
requirement that:

either f(z9) = 2z or f'(20) = 1 with (=1 < zg < 1;29 # 0). (2)

Uralegaddi and Somanatha [3] generalized the results by combining the re-
quirements in (2) into a single condition. Murugusundaramoorthy [1] defined a
family T(zp) which is a subfamily of 7' with the requirement:

(1—A)M+Af’(zo):1(—1<zo<1,0§)\§1). (3)

20
Denote by Ty(p, z0) and 17 (p, zo) respectively subfamilies of functions f(z) € T'(p)
1—p ¢r
with the requirement that:either zé_pf(zo) = zp or W =1with (-1 < 2y <
1529 # 0).
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Denote by Tx(p, z0) a subfamily of T'(p) with the requirement:

2 "f(z0) 20 "' (=)
20 p

Using (1) and (4) it is obtained that,

(1-)) =1(-1<2<1,0<A<132£0). (4

i (p+ Ak)

k=1

k
lap| =1+ |ap4| 20- (5)

Let f(z) € Tx(p) be of the form (1) and g(z) be of the form
9(z) =2 = lbperl 2P, (6)
k=1

then the Hadamard product of f(z) and g(z) is given by

o0

(f % 9)(2) = laplz? = lapillbperl 277,
k=1

Let S;(a) and Kp(a) respectively denote the families of p—valent starlike
and convex functions in 7'(p) which satisfy

Re{ZJ{;S)} > & and Re{l—l—zﬁgz)} >a, 0<a<p

respectively.

Definition 1.1. A normalized operator fg’y : A(p) — A(p) for v > —1 — p,

6+ v > —1—pis defined by
- I'v+1+d+p)
Bse) -

I'v+1+p)

SOV £(2), (7)

The series expansion of fg’y f(2) is given by

LY f(2) = 22+ Op(6,v)ap i, ®
k=1

Where fOl" convenience
(v+1+p)k
v+1+6+p)

9p+k (57 V) =

The symbol (a) is called Pochhammer symbol defined as:

(a)r = F({j(l_)k)

Note that 10°f(z) = f(2), I§ — 1,0)f(z) = L.

=a(a+1)...(a+k—1) and (a)=1.




A Family of p—valent Analytic Functions with two Fixed Points ... 47

Definition 1.2. A function f(z) € T(p, z0) is said to be in Tx(m, v, d, a, p, 29)
family if, it satisfies for 0 < a<p,me€ Ng, v > —-1—p, 6 +v>—-1—p

Re{W—km} > . (10)
(" f(z))™

Denote that T)(0,«,0,0,p,20) = S3(,p,20) and Tx(0,,0,—1,p,20) = Kx(«,
D, 20)-

2. Coefficient Inequality

In this section, necessary and sufficient coefficient condition for functions
belonging to Th(m, v, d, a, p, zp) family is obtained.

Theorem 2.1. Let f(z) € Th(p, 20) of the form (1) satisfies

oo
Z\Ilp+k(a7 57 v, m)|ap+k‘ < ’ap|7 (11)
k=1
or, equivalently
o0
p—a)(p+ Ak
> (st - PO o< o0 )
k=1

where

for0<a<p,v>-1—p, 0+v > —1—p,if and only if f(2) € T\(m,v,d,a,p, 2p).

U, (o, d,v,m) =

Proof. Let f(z) € T;,(m, v, 9, o, p, 29), then from Definition 1.2, it gives
f‘svl/ m—+1
Re{W—i—m—a} > 0.
(Lp" f(2))™

Taking z to be real it gives

p! e (p+k)! e
Y mo_ 0 ) p m
p—m—1" ; B+ k—m =D O plepslz

: o~ (ptR)!

p: p—m _
+(m—a)m!ap|z Z(

)! (m—a)0px(6,v) |ap+k‘zp+k_m > 0.
k=1 '

p+k—m
Letting z — 1~ along the real axis, it gives

o

0= )Ll - ;IM@M — )0y k0, )] > 0
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or,

> R = 00l < Lo
k:l p

on using (4), this proves (12).
Conversely, let (12) holds. It needs to show that (9) is satisfied and so f(z) €

T\(m,v,d,a,p,z0). Using the fact that Re(w) > « if and only if |w — (1 + )]
< |lw+ (1 — )], it is enough to show that,

F7o,v m 7ov m
M—i—m—(l—i—a) < W—i—m—i—(l—a)
(L f(=z)™ (L f(=z)™
Let
f‘S,V m+1
|
— ’(1 +p— Q)ﬁmp]zp*m
= p—|— k +k—m
Z p+k—m 1+p+k_04)‘9p+k(5 v)|apkl2? -
k=1
Thus
— (p+k)

B> (4p=0) Lo =3¢

PR k= )8y (6, )| apsl. (14)
P p—i—k—m)! p+ ‘p-i-’

Again, let
j:‘s’” m+1
- %er—(ljta)
(Ipy” f(2))™
p! B
= Ny [RV) [ — R Y S
o-1-0) L
= (p+k) 3
; p+k— +k_1—a)0p+k(5’y)’ap+k|zp+k )
Thus
P! — (p+k)
F < (1+a—p)m\ap| Zm( prk—1—a)0, 4 1(5,v)|apsr|. (15)
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Now, from (13), (14),

+k
E-F>(p—a)—— \pr+Z p 1P+ k= )pek(B,)lap

(p— (p+k—m)

p— o) — (p—m)(p+k>(p+k a) ,
= (v )Z:[ S =)

_(p_a)(p"i‘)\k) k:|‘ |
20 | 1Gp+k

> 0,if (12) holds.
This completes the proof. The result is sharp for the function:

(p— o) k
fr(z) = |ap|? — PR R > 1.
(qlp+k(a757 I/7m) - Mﬂz(])€>

Corollary 2.2. Let f(z) € T,(m,v,d,,p,2), then for 0 < a < p, v > —1—p,
0+v>—-1—p,

(p—a) k> 1.

—a Ak ! =
@)}gfm)zg)

|ap+l~c| <
<\I/p+k(04, S, v,m) —

Form=90d =v=0and m =0, § = —1, v = 0 respectively in Theorem 2.1,
following results are obtained.

Corollary 2.3. Let f(z) € T\(p, 20) of the form (1) satisfies

Z{Mk_a (pJ;)\k)Zg]

k=1

|ap+k‘ <1,

for0<a<p,v>-1-p, 6d+v>—1—p,if and only if f(z) € Si(a,p, 20).
Corollary 2.4. Let f(z) € Tx(p, z0) of the form (1) satisfies

—~[(p+hk—a)(p+k) (p—a)lp+Ak)
R p

zé] lapal < (9 — ),
k=1

for0<a<pv>-1-—p,d+v>—1—p,ifand only if f(z) € Kx(5,p, 20)-

Further, a consequence result of Theorem 2.1 is given in the form of following
corollary.

Corollary 2.5. Let f(z) € T\(p, 20) of the form (1) and for m € Np, 0 < o < p,
v>—-1—p, d+v>—1—p. Then

T)\(m + 17 v, 67 a,p, ZO) C T)\(ma v, 6a «, p, Zo).
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. —m) . . . : : .
Proof. Since ~2~™'is an increasing function of m. Hence, using coefficient
(ptk—m)! ’

inequality (12),the result can be easily proved.
3. Growth Theorem
In this section, growth result of f(z) € Th(m, v, d, a, p, z9) family is obtained.

Theorem 3.1. Let f(z) € Th\(p, 20) of the form (2) be in the family S¥(«,p, 20),
then for |z| =r < 1,

v < g (2 PP —m) 5y
1L <] p|< T DeTi-a) > (16)
B 2 ol (= LI ). i

Proof. In view of inequality (11),

(P+Dp—m)p+1-a

) )
(p+1—m)lpl Zeerk(é? V)’ap+k|

k=1

oy k)(!(p —mPEE =) g 5 )] < lapl(p— o)
k=1

p+k—m)p

which gives

- lapl(p — ) (p+ 1 — m)
E 0 6,v)la < .
s P+k( )‘ erk‘ (p + 1)(p +1— Oé)
Therefore,
lapl(p =) (p+1=m) 44

7o,v
’Ip f<2)| S ‘aplrp_'_ (p+1)(p+1_a)

and

lapl(p —a)(p+1 — m),rp-i-l
P+ +1-a)

where |ay,| is given by (5). This proves (16) and (17).

Y F(2)] = Japlr? —

)

Corollary 3.2. Let f(z) € Th(m,v,d,a,p, 29). Then fg’l'f(z) is included in a
disk with its centre at the origin and radius R given by

_ (p—a)lp+1—m)
Rl (1- 50 o)

4. Extreme Points

Theorem 4.1. Let fy(z) = |ap|2P and

Fol2) = |ay|2? — ( (p—a) PR p>1, (18)
p

Uy (e, 6,v,m) — wz(’f)
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then f(z) € Th(m,v,6,a,p,zp), if and only if it can be expressed in the form
o0

f(z) = > difr(z), where d, > 0 and ) dj = 1.
k=0 k=0

Proof. Suppose

o0

1) = duful2) = lapl” = 3 (p — a)ds e
k=0

=1 (‘llp_,_k(a, d,v,m) — (p_a)](.ﬂzg)

Then

o0

[\ij-i-k(aa 6, v,m) — p-a)lp+ )\k)zﬂ - O‘>C(lk_ )(p+Ak)
=1 p <\Ilp+k<a767 V7m) - %Z(]){)

= Z(P —a)d, <
—0

k=1
=(p-a)(l-do) < (p—a)
Hence, from (11), f(z) € Th(m, v, d, a,p, 2p).

o

NE

(p — a)dy

IN T

Conversely, suppose that f(z) € T\(m,v,d,a,p, z9). Corollary 2.2 gives
(p—a)

|ap+k| < ; k=1
—a Ak
(qu-i-k(av 57 v, m) - %Z(’)ﬂ
Setting
—a)(p+ Ak
d = |:\ij+k(a7 d,v,m) — (p >Z()p )Z§:| ’ap+k’7 k=1
and

1-—- idk = dp.
k=1

On using (18), it is seen that
F(2) = difu().
k=0

5. Results on Modified Hadamard Product
Theorem 5.1. If f(z) of the form (1) belongs to T)\(m,v,d, a,p, z0) and g(z) =
2P — Z |bp+k‘|zp+k € Tk(ma v, 67 Capa ZO)’ then (f * g)(Z) € T)\(mv v, 55 S, P, ZO)?

k=1
where

¢ =min |p— (p—a)(p = Q)lay|

k>1 Upii(o, 0,v,m)(p+k—C) —(p—a)(p—()layl (19)
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and ¥, (o, 0, v,m) is given by (13).
Proof. In view of Theorem 2.1, it is sufficient to show that,

i (p+k)!p-—mp+k—¢

(p—<)(p+k—m)pay|

) 0,106, 9)ap 1l lbp 5] < 1

k=1
for ¢ defined in (19). Now, if f(z) € Th(m,v,d,a,p, zp) and g(z) € Tx(m,v,0,
C7p7 ZU)7

= (p+ k) (p—m)(p+k—a)
kzl . (p— a)( p+k fn) Ip![ay)] Op+r (0 v)lapis] < 1 (20)
Z pP+E)!p-—m)p+k- C)9p+k(5,1/)|bp+k] <1 (21)

— (p- Cp+k m)! plap|

On applying Cauchy-Schwartz inequality to (20) and (21),

5 (p+E)lp-—m'/P+k-p+k— Oc)ep%((;’ )1/ lapr| [bpak] < 1. (22)

Pt (p—a)(p— Q) +k—m)play|
Thus (22) holds true, if
- Vi+k=Op+k—a)p—9)
Vil s 0w+ k) )

In view of (22) and (23), it is sufficient to show that
(P —)(p = O+ k —m)'pla,|
(p+B)p —m)/(p+ k= Op+k — a)fpsk(d,v)
VO E= Ol +k—a)p—9)
V- a)p-Op k=)

or,
—in [ (- 0)(p — O)lay
k21 Upii(a, 0, v,m)(p+k =) — (p— a)(p = ()lap]
where |a,| is given by (5). This completes the proof.

For ¢ = o in Theorem 5.1, following corollary is obtained.

Corollary 5.2. If f(2) of the form (1) and g(z) = 2” — Y |by+x|2P**, both are
k=1
in T(m,v,d,a,p, 20), then (f % g)(2) € Tx(m,v,d,s,p, z0), where

e (p — @)?[ay|
¢ =min |p 5
k>1 \I’p_t,_k(()é,(s, va)(p+k_a) - (p—a) |ap|
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