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Abstract

Takano [15] have studied decomposition of curvature tensor in a recurrent
space. Sinha and Singh [14] have been studied and define decomposition of recur-
rent curvature tensor field in a finsler space. Negi and Rawat [2] and [12, 4] have
study the decomposition of recurrent curvature tensor field in Kaehlerian space.
Rawat and silswal[6] studied and define decomposition of the recurrent curvature
tensor field in Tachibana space. Rawat and other author [5, 13], [10] and [1, 17]
obtained various results on curvature tensor fields in various spaces in differential
geometry. Various author[7] and [8, 9], obtained result on Ké&ehlerian recurrent
space. Further, Rawat and Chauhan [11] studied the decomposition of curvature
tensor field in Einstein-Sasakian first order recurrent space of first order.

In present paper we have studied the decomposition of curvature tensor field
R?jk in terms of two non zero vectors and tensor field in Einstein-Sasakian first

order recurrent space and several theorem have been established and proved.

Keywords: Sasakian space, Einstein space, Einstein-Sasakian space, recurrent
space, Curvature tensor, Projective curvature tensor.

1. Introduction

An n-dimensional Sasakian space S,, (or normal contact metric space) is a
Riemanian space which admits a unit killing vector fieldn; satisfying (Okumura
1962) [3]

DA = n59ik — MkYij (1.1)
It is well known that the Sasakian space is Orientable and odd dimensional. Also

we know that an n- dimensional Kaehlarian space k — n is Riemann space which
admits structure tensor field F* satisfying

FhFj = —gi (1.2)
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Fij = _F‘jia Fij == Fz-agaj (13)
and
h
where the comma (,) followed by an index denote the operator of covariant dif-
ferentiation with respect to the metric tensor g;; of Riemannian space.

The Riemannian curvature tensor field noted by thjk is given by
Riye = 0i} — (i} + a5} — U & (1.5)

where §; = %.

Ricci tensor and the scalar curvature in S, are respectively given by

R =R, and R=R;g” (1.6)
If we define a tensor S;; by
Sij = Fz-aRaj (17)
then we have
Sij = —Sj'

E'as’aj = *SiaFjaa
and

F{'Sjka = Rjik — Riij (1.10)

It has been verified in Yano [17] that the metric tensor g;; and the Ricci
tensor denoted by R;; are hybrid in ¢ and j.

Therefore, we get
9ij = grsFiTF; (1.11)
and
Rij = R, F] F} (1.12)
The holomorphically projective curvature tensor Pf;k is define by
Ply = Ry, +

?,

m(Rik(S;L — Rjk(szh + Siijh — Sijf + QSZ'J'F,?) (1.13)
where Sij = .FiaRaj.

Let us suppose that a Sasakian is Einstein one, and then the Ricci tensor
satisfies R;; = %gij R,.

From which, we obtain

R
Rijo =0, Sija =10 and Sij = EF”
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The Bianchi identity for Einstein-Sasakian space are given

thjk: + R;'Iki + RZU =0 (1.14)
and
Rt o+ Ritoj + Rinjr =0 (1.15)
Gk~ Thy = TR =0 (1.16)
Tt = Tl = T Ry — T4 Ry (1.17)

An FEinstein-Sasakian space is said to be Einstein-Sasakian first order recur-
rent space, if its curvature tensor field satisfy the condition

Rl'ko = ARl (1.18)

where A, is non zero vector and is known as recurrent vector field.
The following relations follow immediately from equation(1.14),
Rijo = AaRij (1.19)
R, = MR (1.20)

h

2. Decomposition of recurrent curvature tensor szk

Let us consider the decomposition of recurrent curvature tensor field R?jk in
the following way
R?jk = Br APy (2.1)
where A®, is non-zero vector field and ¢, ;1 are non-zero tensor fields, such
that
Mg = Qa (2:2)
and
Al =1 (2.3)
Here, (), is called non-zero decomposed vector field.
Now, we shall prove the following:

Theorem 2.1. Using the decomposition (2.1), the Bianchi identities for R?jk is
expressed as in the following way

Yijk + Vjki + Vrij = 0 (Vi = —irj) (2.4)
and
Aaijk + Njika + Aptiaj = 0. (2.5)

Proof. By the equation (1.14), (1.15) and (2.1), we have
G A (Yijk + Yjki + Vrij) = 0 (2.6)
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and

Ph A (Nathije + Aj¥ika + Metias) =0 (2.7)
The identities (2.4) and (2.5) follow immediately from these equation and the
fact that ¢l A% # 0.

Theorem 2.2. The vector field a® and the tensor field thjk, Rij, 11 satisfies
the following relation through the decomposition (2.1):
and

AaR, = NiRjk — A\jRix = Qa A%y, (2.8)

Proof. By the help of Ricci identity, (1.18) and (1.19), we have
)\aR%k = NRjp — A\jRy, (2.9)
multiplying equation (2.1) by Ap and from the equation (2.2), we obtain
Aa R, = Qo AYiju (2.10)
from equations (2.9) and (2.10), we get the required result (2.8).

Theorem 2.3. The quantities A, and field ¢” act as recurrent vector and recur-
rent tensor fields respectively and their recurrent relations can be written as in
the following way through the decomposition (2.1):

/\a,m = imAa (211)
and

Pom = Hm P (2.12)

Proof. Firstly differentiating equation (2.8) covariantly with w.r.to ™, then
using (2.1) and (2.8), we obtain the relation

Aam®p A% Viji = Nim Bk — Njm Rk (2.13)
Transvecting equation (2.13) with A\, and using the equation (2.9), we get
Aaym(AiRjk — AjRik) = Aa(NimBRjk — NjmPRik)- (2.14)
Again transvecting equation (2.13) with A\p, we get
MmN Bk — A Rit) My = AadnKin Bik — Ajn Rik). (2.15)

Since the right hand side of the equation (2.15) symmetric in « and h, then we
have

Aa,m)\h = Ah,m/\a (2.16)
provided that

NiRji — ARy, # 0.
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The vector field A\, # 0, then there exist a proportional vector p,,, such that
>\a,m = ,Um)\a-
Now differentiating (2.2) w.r.to 2™ and from the condition (2.11), we find

>\h¢ZLL7m = (Qam - NmQa (2~17)

From above equation, it is clear that

)‘hgbg,m = Aa¢§,m (218)
Since ,\, # 0 is recurrent vector field, then we can get a proportional vector field

M such that qbf;m =l "
which complete the proof.

Theorem 2.4. The decomposition vector field @), and the tensor field gf)g, act as
recurrent vector field and recurrent tensor fields respectively and their recurrent
form can be written as in the following way through the decomposition (2.1):

Qa,m = 2NmQa (2.19)
and
(Am = 26m)Vijk = Vikm (2.20)

Proof. Differentiating (2.2) covariantly w.r.to '™, and using the equation (2.2),
(2.11) and (2.12), we obtain the required result (2.19). Further, differentiating
(2.1) covariantly w.r.to ™, and using (1.18), (2.2), (2.11) and (2.12), we obtain
the recurrent form (2.20).

Theorem 2.5. The curvature tensor R?jk is equal to holomorphically projective
curvature tensor field under the decomposition (2.1), if

i, — 01k + Yok (FI FY — F'FY) + 2F) F*ta; = 0. (2.21)

Proof. Contract the indices h and k in the relation (2.1), we have equation
(1.13) may be written as
Pi}]l'k = R?jk + Dzhjk (2.22)
where
A 1

ik = m(Rik(s}l — Rjd} + SiFJ — SjuSP' + 285 F}) (2.23)

Rij = ¢E APy (2.24)
In view of equation (2.22), we have

Sij = EaRaj - Fia¢gAa¢ajr (225)
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using the relations equations (2.22) and (2.23) in (2.23), we find

TAOA
Djjy = %{wmy — Pjr8;' + Vot (F Ff = F'F) + 2F Ff oz}, (2.26)
If in (2.22) Dlhjk = 0, then Pi}]‘.k = R?jk, so equate the equation (2.24) to zero, we
have
%kr(ﬁl - ijkrélh + wakr(thFia - Fthja) + 2F£Fiawajr =0 (227)

multiplying the above equation by A® and using the relation qbijkAk = ¢;;, we
get the required relation.

Theorem 2.6. Using the decomposition (2.1), the scalar curvature R satisfies
the following relation:

MR = g7 Qo Ay, (2.28)
or

Ry = 97 QaA%Yiji.
Proof. Multiplying (2.22) by ¢*/ on both sides, we obtain

99 Rij = g7 of A%y, (2.29)
R = 9”¢’3Aa¢ijk-

Now transvecting (2.28) with A\; and using (2.2), we get
MR = g7 Qo A%y

which complete the proof of the theorem.
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