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Abstract

The aim of this paper is to introduce Picard Iteration in soft metric space when the set of parameters is a fi-
nite set. We define the Picard operator and show its strong and weak convergence in soft metric space. This
paper includes soft metric extensions of several important theorems of Picard iteration for metric space.
Throughout the paper a comprehensive set of examples illustrating the discussed topics are presented.
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1. Introduction

Zadeh [25] initiated fuzzy set theory which is an important tool to solve uncertainties and ambiguities.
The contribution made by probability theory, Fuzzy set theory, vague sets, rough sets and interval math-
ematics to deal with uncertainties is of vital importance, but these theories have their own limitations. To
overcome these peculiarities, in 1999, Molodtsov initiated the soft set theory. It is a branch of mathemat-
ics in which we have a mathematical tool to deal with real-world uncertainties and problems. It provides
sufficient tools to solve the uncertainties in data and to represent it in a useful way. [4], [5], [7], [17], [19]
are some papers on soft sets and [15], [20], [23] are some papers in which combination of soft sets with
fuzzy sets have been discussed. Most of the physical problems of applied science and engineering are
usually formulated in the form of fixed-point equations. Hence, in the present paper, we want to investi-
gate a fixed point in soft set theory for a certain class of newly defined soft mappings. Soft set theory has
attracted several mathematicians, economists and computer scientists ([3], [4], [19], etc.). Soft set theory
has applications in decision-making, demand analysis, forecasting, information sciences, mathematics and
other disciplines ([11], 12], [13], [16], [22], [26]). In [9] Das and Samanta introduced the notion of soft
real sets and soft real numbers and discussed their properties. Also, Das and Samanta [10] introduced the
concept of soft metrics. Soft contraction mapping based on soft elements of soft metric spaces is intro-
duced by Abbas et al. [1]. In [8] Chen and Lin proved Meir- Keeler fixed point theorem in a soft metric
space. In [6], Let X be any set and T: X — X a self-map. For any given x € X, we define T™x inductively
by T°(x) = x and T"*1(x) = T(T™(x)). We call T"(x) the n‘" iterate of x under T. The mapping
T™(n > 1) is called the n*" iterate of T. For any x € X, the sequence {x,,} c X given by

Xp = Txp_q1 = T™xy; n=123,4,5,....

is called a sequence of successive approximations with an initial value x,. It is also known as the Picard
iteration, starting at x,. The study of an iterative process to appropriate the solution of a fixed point is an
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active area of research (see eg. [25], [21], [3], [12], [22] and the references therein). The Picard iteration
scheme is one of the simplest iteration schemes used to approximate the solution of fixed point equations
involving a non-linear contractive operator. In 2016, Abbas et al., show that under some restriction, each
soft metric induces a usual metric and deduces in a direct way soft metric versions of several important
fixed point theorems for metric spaces. In this paper, we deduce in a direct way soft metric version of Pi-
card iteration for (complete) metric spaces. Also, we discuss its strong and weak convergence in soft met-
ric space. The paper includes many examples illustrating present concepts and showing the necessity of
some assumptions.

2. Preliminaries

Definition 2.1: A soft real set denoted by (f, A), or simply by £, is a mapping f: A — B(R), where B(R)
is the nonempty bounded subsets of R. If f is a single-valued mapping on A c E taking values in R, then
the pair (f,A) or simply £, is called a soft element of R or a soft real number. If f is a single-valued
mapping on A c E taking values in the set R* of nonnegative real numbers, then the pair (£, A), or simp-
ly f, is called a nonnegative soft real number. We shall denote the set of nonnegative soft real numbers
(corresponding to A) by R(A)*. A constant soft real number ¢ is a soft real number such that for each
e € A, we have c(e) = ¢, where ¢ is some real number.

Definition 2.2: For two soft real numbers £, §, we say that
1) f2giff(e)<g(e), forallec€ A,

@) FSgitf(e)=g(e) foralle €A

(3) fgiff(e)<g(e) foralle € A, and

@) FSgiff(e)> g(e) foralle € A.

Remark: Recall that if f is a soft mapping from a soft set (F,A) to a soft set (G,B) (denoted by
f:(F,A) > (G, B)), then for each soft point F;* € (F, A) there exists only one soft point G; € (G, B) such
that f(F{") = G;.

The definition of a soft metric introduced in [10] is given below.

Definition 2.3: Let U be a universe, A be a nonempty subset of parameters and U be the absolute soft set,
i.e., F(1) =U for all 1 € A, where (F,A) = U. A mapping d: SP(U) x SP(U) = R(A)" is said to be a
soft metric on U if for any U3, Uy, UZ € SP(1) (equivalently, UF, Uy, UZ € U), the following hold:

1. d(uyul)=o.

2. d(uj,u))=0ifandonly if U} = U .

3. d(UY,UY) = d(Uy,U).

4. d(uf,uz ) < du, w)) + duy, ug).

The soft set U endowed with a soft metric d is called a soft metric space and is denoted by (1, d, A), or
simply by (U, d) if no confusion arises.

See [9] for several basic properties of the structure of soft metric spaces. In order to help the reader,
we recall the following notions, which will be used later on.

Given a soft metric space (1, d), a net {uj{a} A of soft points in U will be simply denoted by
aJae

{Uia} ., In particular, a sequence {’u/’{:}nEN of soft points in T will be denoted by {U5,} .
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Definition 2.4: Let (U, d) be a soft metric space. A sequence {Uf{n}n of soft points in U is said to be con-
vergent in (T, d) if there is a soft point U € U such that d (U3, Uy, ) — 0 asn — co. This means that for
every € S 0, chosen arbitrarily, there exists an m € N such that d(u,{n,ufj ) < €, whenever n > m.

Proposition 2.1: The limit of a sequence {U,{n}n in a soft metric space (U, d), if it exists, is unique.

Definition 2.5: A sequence {u/{n}n of soft points in a soft metric space (1, d) is said to be a Cauchy se-
quence in (T, d) if, for each & S 0, there exists an m € N such that d (U3, Uf;) < €, for all i,j = m.
Thatiis, d(Uj;, U5;) » 0 asi,j - co.

Proposition 2.2: Every convergent sequence {u,{n}n in a soft metric space (7, d) is a Cauchy sequence.

Definition 2.6: A soft metric space (7, d) is called complete if every Cauchy sequence in (U, d) con-
verges to some point of Q. In this case, we say that the soft metric d is complete.

If (U,d,A) is a soft metric space with A a (nonempty) finite set, then d induces in a natural way a
compatible metric on SP(U).

Theorem 2.1: Let (U, d, A) be a soft metric space with A a finite set. Define a function m4: SP(U) x
SP(U) - R* as
ma(U, Uy ) = maxd(Uf, Uy) ()

for all U3, 'u,{ € SP(1). Then the following hold:

(1) my is a metric on SP(U).

(2) For any sequence {’u,{n}n of soft points and a soft point U3, we have

(2a) {”u,{n}n is a Cauchy sequence in (U, d, 4) if and only if it is a Cauchy sequence in (SP(U), my).

(2b) d(u), uf,) - 0 ifand only if my (U, U5,,) - O.

(3) (U,d, A) is complete if and only if (SP(U), m,) is complete.

Theorem 2.2: [2] Let (U, d, A) be a complete soft metric space with A a finite set. Suppose that the soft
mapping f: U = U satisfies

d(Fun, F(w) 2 ed(uf w)
for all Uy, u,{ € SP(1U), where 0=Z2¢<1. Then f has a unique fixed point, i.e., there is a unique soft
point U3 such that f (U) = Uy.

Remark: Example 3.22 of [1] shows that condition ‘A is a finite set’ cannot be replaced with ‘A4 is a
countable set.’
Our next result provides a soft metric generalization of the celebrated Kannan fixed point theorem [40].

Theorem 2.3: [2] Let (U, d, A) be a complete soft metric space with A a finite set. Suppose that the soft
mapping f: U = U satisfies

d(feup, f(w)) 2e(duy, fup) +dul, fuh)}

for all Uy, ’Ltf{ € SP(U),where0 < ¢ < % . Then f has a unique fixed point.
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3. Convergence of Picard Iteration in soft metric space

Theorem 3.1: Let (U, d, A) be a complete soft metric space with A a finite set. Suppose that f: U = U
satisfies

d (feup), f(uy)) 2 ed(uf, uy)

for all Uy, ulf € SP(1) where 0 £ ¢ < 1. Then the Picard iteration associated to f, i.e., the sequence
{u/?f.n}::o of soft points in a soft metric space (U, d, A) defined by

u))f.n = f({u})f,n—l)
=f*(Ufe)in=123,....

converges to its fixed point U}?, i.e., there is a soft point U;° such that f (uj{g) =U°.

Proof: As we know from theorem 2 [2], the soft mapping f has a unique fixed point.
Now, we will show that for any given U} € SP(T) (equivalently U; € U) the Picard iteration U3, is a
Cauchy sequence.

The restriction of f to SP(T) is a self-mapping on SP (1) also denoted by f.

Note also that the real number ¢ generates the constant soft real number ¢ satisfies 0 < ¢ < 1. Then for
each U3, € SP(T).

mg (f(u/ﬁ)f(ujf,o)) = r,?g}d(u/{pu/{o)(ﬁ) < maxc (d(u/{vu/{o)(fl))

= c[maxpea d(UF,, Uso) )]

=Ccmy (ujf,vu/{o)

mq (f(u/{l)Jf(u/{o)) < emq(Uj 1, Uzy)
By induction

My (F(Uinen) f(UF)) < Pma(Uy, USy)  sn=123, ...

Thus for any number n,p € N,p > 0, we have

n+p-1
MU Uin) € ) Ma(Wirr L)

k=n

n+p-1

< Z ckma(UF L, USY)

k=n
< s ma (W, Ufo) (@)

Since 0 < ¢ < 1 it results that ¢c™ — 0 as n — co. Equation (1) shows that U3, is a Cauchy sequence. But
(U, d, A) be a complete soft metric space if (SP(U), m,) is complete by theorem 1[1].
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Therefore U ,, converges to some u;‘g € SP(T) or Uj,, converges to some U/’{(‘)’ € U. On the other hand
any soft Lipschitzian mapping us continuous so denoting

; x  _— qq%o
lim Uy, = Uy

n—oo

We find
u;’fg = rlll_r)rolo Ui
= limy,_o, f(U3,,)
= f(limpe U,)
=f(u3)
which gives U} = £ (U;°). i.e., U* is a soft fixed point of f.

This shows that for any 'u;‘g € U the Picard iteration converges in U and its limit is a fixed point of f.

4. Picard operator in soft metric space

Definition 4.1: Let (7, d, A) be a complete soft metric space. A soft mapping f: U = U is called (strict)
Picard mapping if there exists u;‘g €U (or uj{g € SP(T)) such that Fy = {u;‘g} and f™(Uy;) = u;‘g for
all uy; €.

Example: If (U, d, A) be a complete soft metric space then any soft contraction as defined in theorem 2],
f:U - U is a Picard mapping.

Theorem 4.1: Let (U, d, A) be a complete soft metric space and the soft mapping f: U — U satisfies
d(Fup), F(u)) 2 efacus, Fu) +d(wy, £u))} (3)

for all Uy, ’UZ € SP(U), where0 < ¢ < % . Then f is a Picard operator.

Proof: Since (U, d, A) is a complete soft metric space. It follows from theorem 1[2] that (SP(U), my) is
a complete metric space. Moreover, the restriction of £ to SP(U) is a soft mapping on SP(1). Note also
that a real number ¢ generating a soft real number ¢ satisfies 0 < ¢ < % :
Let Uy, € SP(1U) and Uy, = fM(Uz); n=0123,.... be the Picard iteration, then by equation
(3) we have
md(u/{n'u/{n+1) =Mg (f(u;fn—l)'f(‘u/)lcn))
= MaXyey d (f(u)ﬁn—l)'f(uicn)) (77)
< maxyeq ¢ (@ (U s, f(Whner)) + 4 (U £(U50))) 01

sc {md (u/{n—vf(u/)lc,nq)) +mg (u))f,nrf(u/{n))}
= C{md(uin—liuﬂﬁn) + md('u))f,n'u))f,n+1)}
md(uﬂfn' (u)}f,n+1) = C{md(uﬂfn—vu/{n) +mg (u)’f,nr U/ch,n+1)}

. c
i.e., Mg (Uin Uins1) < 75 Ma(Uin—1 UZy) “)
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Since 0 < i <1lforce [0, %) therefore {U3,} is a Cauchy sequence in (SP(ﬂ),md); it is Cauchy
sequence in (U, d, A) by Theorem 1[2]. Let u;‘g € SP(T) be its limit, then, we have (SP(U),m,) is a
complete metric space, therefore

my (U;S f (’Ui‘;’ )) =my (Ujlcs ,’Ll,’{n)+md (U/{nrf (u;ﬁ? ))
= maxyea {d (W2, U5,) + d (W £ (U2))} G
= maxyeq d (U, UE, ) ) + maxyen d (W f (U52)) )
< maxyeq d (U9, U5, ) O + masyea d (F(U). £ (U2)) 0
< maxpeq d (U}, U5, ) (1) + maxyeq ¢ fd (U oy, f(Uny)) +d (‘Ui‘,f (we ))} ()
< my (Uﬁ;uﬁn) +cmg (Uin—l'f(u/{n—l)) +tcmg (‘Ui‘;’,f (u;ﬁ?))
= ma (U0, 05,) + elma (U um U5,) + ma (02 (42) )
(1= ymg (W2 £ (U2)) < ma (W2 UF) + ema(Uonm, W)
ma (160, (152)) = THoma (U5 Ui ) + 75 ma(Uneo U
From inequality (4) we have,
(137 (1)) = 7mgme (W50 000) + g ma (Wi 52)
< oma (W 10) + (55) ma(Uo Uf) ®
Now letting n — oo, we obtain
ma (ufor (1)) = 0 = ufo = 7 (u30)

That is Fr = U;° and therefore U3, — U;° asn — oo for each U}, € SP(Q).

Example 1: Let U=A= {%:n € N}. The mapping d:SP(U) x SP(U) - R(A)* given by

d(U},u)) = |x =yl + [A—q| for all Uy, Uy € SP(U), where |.| denotes the modulus of soft real
numbers in a soft metric space [see [10]]. Furthermore, as in [1] example (3.21) the soft metric space
(U, d) is complete.

Let f: T — U such that £ (UF) = U forall x € U, A € A.
Given x € [0, 2),y € [2, ) and A, n € A, for each ) € A, we have

a(raup, ) = a (u;uz)
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< ((=-9+06-2)
< Ha(ug raup) +a(w, £(uw))}
d (feup, fu))) < ;{aug raup) +d (ul, £(w))}

Then f is a Picard operator. However, f has no fixed point because A is not finite. Hence theorem 1 does
not hold.

Example 2: Let U = R* and A = {0, 1}, from [10] Example (4.3) the mapping
d:SP(U) x SP(TU) - R(A)*
given by
d(Uf, W) =[x -yl +12-xl
for all Uy, U, € SP(1), is a soft metric on . Since R* is complete for the Euclidean metric, we deduce
that (T, d) is a complete soft metric space. Let f: U — U such that f(U¥) = f(UT) =UJ if x € [0,2)

1
and f(Ug) = f(UF) = UZ if x € [2,). Let ¢ be a constant soft real number such that 0<¢<1. Then
there is real number ¢ € [0,1) such that ¢ = ¢(n) for all n € A. Choose z € [0,2) such that c(2 — z) < %
Then for each n € A, we have

d(F D, FUD) = d (uiufﬁ) o)
= |- 0] +to ol

1

T2
=c(2—-2)
= cd (UG, U§)(m)
Therefore f does not satisfy the condition (1.1) of theorem [1] forany 0 < ¢ < 1.

d(f (U, F(U) = >

= | deug ud) + d< 2, ug)) Q)

1
Let f: U — U be such that £ (U) = UJ if x € [0,2) and f(Uy) = UZ if x € [2, 0).
However taking without loss of generality x € [0,2) and y € [2, o), we obtain for 4, u,v € A

d(feup), F(uz)) m =d (U",ug> )
< %(d(’uj{,ug) +d (u,{,ué)) )

Therefore f satisfies inequality (3) of theorem (4.1) for ¢ = % In fact, U$ is the unique fixed point of £,
therefore, f is a Picard operator.
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Theorem 4.2: Let (U, d, A) be a complete soft metric space and f: U — U be a mapping for which
there exists soft real numbers a, g and y satisfying 0 < @ < % 02p%< % and 0 2y < % such that for

each U}, U, € SP() at least one of the following is true:

() d(reup, F(uy)) 2 @a(ug, uy)

@ a (e, f(u)) 2 Bla(us, Fup) +d (), £(u))]
@) d(Fupn, F(w)) 27 [d (ug, F(u))) +d (u, Fup))|

Then f is a Picard operator.
Proof: We first consider U, U, € SP(T). At least one of z;, z, or z; is true. Note also that real numbers

a, B, v generate a soft real number @, 8, ¥ satisfies 0 < a < % , 0S8 < % 0y < % . If z, holds then
we have

ma (FOU), £(U})) = maxyeq d (FCU), F(UY)) ()
< maxyep [d(UF, FUD) +a (U, £(U3))] )
= p [ma(Wf, FCU) +mq (W, FUD)| )
< B [ma (U5, FCUD)) +ma (U2, UF) + ma(UF, FUD) +ma (FUD, F(U))]
Since my is a metric on SP(T), by theorem 1[2]
(1= Byma (FUD, £(UY)) < 2Bma (U5, F(UD) + fma(UF,UY)

( fuy), f(uy)) £

<1-3 mq(UF,Uy)

——my(UF, F(UY)) + Bﬁ

If z3 holds then similarly

2y
ma (U, F(U)) < 7= ma(Uf, FUD) + 77 ma(Uf 1)

Therefore denoting

6= max{a,%,lyTy}

We have 0 < & < 1 and then for all U, U, € SP(), the following inequality
my (FCUD), F(UY)) < 26ma (U, £UD)) + Sma(UF, UY) 6)
valid for all Uy, u;; € SP(U).
In similar manner, we obtain
my (FCUD), F(UY)) < 28mq (U, F(U)) + 5ma(UF,UY) (7)
for all uf, Uy € SP(1).

Now we will show that f has unique fixed point.
Let U, € SP(T) be arbitrary and {Uj .}
U, = f(UFp) n=012,....
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be the Picard iteration associated to f.
If Uy, and U3,,_, are two successive approximations, then by @)

my (f(‘u)ic,n—l)'f(‘u){n)) < Zémd (‘u/glcn'f(‘u)’lcn)) + 5md(‘u/{n—1"u/{n)
mq ({u)}f,w {u))f,n+1) < 267"'d (u/{n'u/{n+1) + 6md ({u))f,n—l'{u))f,n)

mq ({u)}f,w {u))f,n+1) < % my ({u)}:n—l' {u)}:n)

< 6md (‘u))f,n—l' ‘u/{n)

From this we deduce that {U3, } is a Cauchy sequence, hence convergent too.
Let Uy € SP(U) be its limit. In particular, we have

im0 Mg (U pi1, Uiy) = 0 ®
From (6) we get that (as m is a metric on SP(‘lI))
my (fujg,f ('u;g)) < mq (U0, Wy ) +ma (Ui‘,nﬂ,f (’%’))
ma (U505 2) + ma (5. £ (155))
ma (W0, £(u5,)) +m (75,7 (152))
)

my (u;‘g,f(ujﬁn)) + §my (ujg,u,{n +26my (u,{n,f(uf_n))

IA

Which by letting n — oo yields
ma (W () = 0 = iy = 7 (w3
since my (U £(Un)) = ma(U U i)
From (8) we have my (uj{n,f(ujﬁn)) =0
And therefore
Fr = {U,Jfg}
and U}, - uj{g asn — oo for each U5, € SP(T).

Therefore Uy ,, - uj{g asn — oo for each U3, € U.

5. Weak Contraction
Definition 5.1: Let (7, d, A) be a soft metric space. A map f: U — U is called weak contraction if there
exists a constant 0 < § < 1 and some L S 0 such that

d(fup),f(u))) 2 8a(uf,uw)) + Ld(uy, f(Up)) ©)
For all U3, U, € SP(1).

Proposition 5.1: Any Kannan mapping, i.e., any mapping satisfying the contractive condition in Theorem
3 [2] is a weak contraction.

Proof: Let (‘a, d, A) be a soft metric space. Also, the real number ¢ generates the constant soft real num-
ber ¢ satisfies 0 < ¢ < %
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By property of soft metric space

d(u, fup) m < cld(ug, Fup) + d(u, f(u))| m

<c{la(wgru)+ a(ul rap)|+[a(ul rap)+ a(Fa,Fu)]m

which yields

(1 =) (FCuD), F(U)) () < cd(UF, UY)(m) +2cd (U, F(US)) ()
which implies

d(Feup),f(w))) < <= d(uf, ) + = d(Uf, FUN)@m)  forall ufuy € SP(1)

and hence in view of 0 < ¢ < 1/2 from (9) holds with § = é and L = % .For corresponding real

numbers & and L we have a soft real number & and L, we have a soft real number § = é and L = =<,

1-c

Hence, any Kannan mapping is a weak contraction.

Proposition 5.2: Any mapping f satisfying the contractive condition, there exists 0 < ¢ < = such that

d(reup, F(u))) 2 ela(uz F(u))) + d (), Fud)|

for all U}, Uy, € SP(T) is a weak contraction.

N | =

Proof:
a (Ui, f(w) o < [d(uz,w) +a (), fap) +d (. F(u)| o
Now
d(Feup, F(w) m < c[d (uf, £(u)) +d (U, Fup)| m
<cla(uiu))+d(ul, fup) +d (Fup, £(U)) +d(wy, FU)m)

2
a (Fup, f)) () < T (U, ) ) + 71— (U, 1) o

Since ¢ < 2 and L = == > 0 with § = —— < 1. This implies
2 1-c 1-c

d (fup, F(W)) () < 8d(u, u) ) +Ld (U, F(UD)) ()
for any real numbers § and L there is a soft real number §(n) and L(#) such that
d (feup), £(uy)) £ sa(ug,uy) + La (U, F(uf))
0<6<1 &LZ0.

Theorem 5.1: Let (U, d, A) be a complete soft metric space and f: U — U be a weak contraction, i.e., a
mapping satisfying (9) with 0 < § < 1 and some L = 0. Then
1. Fix|f| # @.
2. Forany u;‘g € X, the Picard iteration {Uj},, given by

f(Uin) = Ui e (10)

converges to some uj{g € Fix(f).
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Proof: We shall prove that f has at least one fixed point in U. Let U/’{(‘)’ € SP(1) be arbitrary and let
{ug,}"_ be the Picard iteration defined by
{u,}lc,n+1 =f (u/)lc,n)
max d (f (U 1), f(US,)) (1) < maxSd (U, U, ) () + max(Ld (U, £ (U s ) (D))

which shows that
my ({u))f,n"u))f,n+1) = 5md (‘u))f,n—l"u/}lc,n) + Lmd ({u/?f,n' ‘u)’fn)
mgy (U)Jf,n' {u}f,n+1) = 6md ({uic,n—li {u)}f,n)
o mg (U U pgr) < 6™mg (U, UF, ) n=0123,...
and then
Ma (U Ui pyp) S 6"(A+ 6 + 6% 4 -+ 6P Dmg (U, UF, )

(1 Py (U U (11)
- ﬁ(l - )md(ua,o'um) np€N,p*0

Since a real number 0 < § < 1 generates a soft real number 0 < § < 1. In inequality (11) shows that
{‘Lt,{n}n is a Cauchy sequence and hence is convergent. uj{g = limy,, U3, Then

ma (Wi (1)) = maxfa (7 () o
< max {a (U2, U ) + @ (F(U5). £ (1))} o
< max{a (1020 F(5,)) + 0 (1 132) + 1 (12, £ (05 )} o

mq (‘u;g, f ('u;g)) < (1+L)my (u;‘g, f(u,{n)) + 5my (UF,15°)

valid for all n > 0. letting n — oo in (12) we have

my (u;‘g,f (u;g)) =0

(12)

‘u/’{(f is a fixed point of f.

Remark: The weak contractions need not have a unique fixed point. If possible to force the uniqueness of
the fixed point of a weak contraction by imposing an additional contractive condition, quite similar to (3)
as shown by the next theorem.

Theorem 5.2: Let (U, d,A) be a complete soft metric space and f: U — U be a weak contraction for
which there exists some 0 < § < 1 and L; = 0 such that

d(f (uf, £(u)) 2 0d(uf, u) + Lod (U, £(Uf,)) (13)
for all U}, Uy, € SP(U) Then

1. f has aunique fixed point, i.e., F(f) = {uj{g}
2. The Picard iteration {uj{n}n given by (10) converges to Uff(‘)’ for any U5, € SP(U)

Proof: Assume f has two distinct fixed points 'u;‘g'ufto € SP(T). Then by (13), we get

0

max {d (F (w2). r())} e < max {6d (132, 1%¢)} () + max {L,d (w5 (u2))} e a9y
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for any real number 6 and L, there exists a soft real number 8 and L; such that 0 < 8 < 1 and L, > 0.

Now
( (w®), F(u ) omg (U2, U0 + Lymg (W30, UP)
= my (U3, 1) < Omg (U0, 120
or (1 - )mg (U2, uYO) 0
so contradicting my (’Uf{o,’uy 0) >0
Hence

(1 - 0)ymg (U}, u) =0
X Yo\ —
> m (W wR)=0
Xo _ q 1Y
= ‘UA;’ = uﬂg

Hence f has a unique fixed point, i.e., F(f) = { Ao}
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